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Table 1 Comparison of simulation shock speeds
with experiment9
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Fig. 2 Space-tune diagrams comparing two different boundary-layer
models; contours are equally spaced values of log p. In each case the
driver gas was H2, the shock tube initial pressure 206.7 kPa, and the
diaphragm pressure ratio 445: a) the model without mass loss1'7 and
b) the present mass-loss model.

the gas was hydrogen. The shock tube was initially at 68.9 kPa and
296 K, and the gas was air in thermochemical equilibrium. Shock
speed measurements were made along the length of the shock tube,
and a comparison between the experimental data and the simulations
was made in Table 1. Simulation and experiment differ in the range
of 1-3%.

Concluding Remarks
By using fundamental boundary-layer theory, a model has been

derived that can be used to provide shock tube test time and shock
speed predictions. This model can be incorporated easily into a
quasi-one-dimensional simulation code to provide a useful tool to
the designer of shock and expansion tubes and gives accurate test
time predictions for all turbulent flow shock tube cases tested.

Although they do not provide the depth of quality of information
available in two-dimensional viscous codes, quasi-one-dimensional
formulations can give adequate design information using a com-
putationally less expensive approach. An adaptive one-dimensional
mesh would aid the computational efficiency as, at this stage, the
mass loss traps many cells with very little mass near the contact
surface at long distances from the diaphragm (L/D & 100).
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Introduction

IN the recent past, two popular types of method for grid sys-
tem generation have been developed.1 The first type employs

algebraic formulas, and the second type solves elliptical, parabolic,
or hyperbolic partial differential equations.1"8 Among the second
type, the hyperbolic equation technique is very fast and has been
extensively studied.5"10

Because of the open boundary constraint of the hyperbolic sys-
tem, the classical hyperbolic equation method is not available for
grid generation within enclosed regions. This limitation is partially
removed by the combination methods of Refs. 9 and 10, which sum
up grids generated from each boundary separately. However, com-
bination methods require at least twice the CPU time as the original
method.

In a recent study,11 the authors combined the grid front marching
method12 and the parabolic equation method. In this study, a similar
idea is applied to extend the Cordova and Earth hyperbolic equation
method13 to enclosed regions.

Formulation
Cordova and Earth13 considered the following two equations to

define the mapping between an irregular region on the jc-y plane
and a regular region on the £-77 plane:

(1)

where ̂  = 3x/d% and 0 denotes the angle between two intersecting
grid lines. Assuming that x° and y° along the grid level are known
and x and y along an adjacent grid level are to be found, the grid
equations can be linearized5 into the following forms:

-[ -
~~

= S

+ S^COS 0°

(2)
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Fig. 1 Schematic diagram of 0+ and 0~.

where s%, sn, and 9 on the right-hand side are estimated via the
algebraic grid generation method. These equations, which apply the
upwind splitting method of Tai et al.,8 are properly approximated
by the upwind scheme.

In the author's experience, if the terms on the right-hand side
of Eq. (2) are not smooth enough, even the modified methods of
Refs. 8-10 cannot successfully eliminate grid oscillation. In this
study the algebraic grid generation method provides smooth distri-
bution of '•$£, STJ, and 0. Consequently, the enhancement techniques
of the hyperbolic equation method5"10 are not necessary.

If the grid front is started from all of the boundaries, an intuitive
method can solve the hyperbolic grid equations associated with the
enclosed grid front next to all of the boundaries. This results in a
set of 2 x 2 block-tridiagonal system of simultaneous equations
with periodic boundary conditions. Another method is to separately
apply Eq. (2) to each boundary. The multiple values of x and y at
the four corners are made unique by applying the direct average.
Because all of the test cases show that the difference between these
two methods is insignificant, only the results of the second method
are discussed in this work.

As shown in Ref. 11, the grid front marching method modifies grid
angles around sharp convex and concave corners. After employing
a simple grid smoother preserving original grid spacings to smooth
all of the boundaries, the application of the Soni-Hermite transfinite
interpolation method generates one level of grids next to all of the
boundaries. By considering the new grid level as the new boundaries,
the procedureis repeatedly applied. In this study, the same procedure
is equipped with a different algebraic method. First, a grid point is
determined through the proper specification of grid spacing and
grid angle. Then a combination formula similar to that proposed
in Ref. 3 is employed to include the linear interpolation between
opposite boundaries, say,

(3a)

(3b)
= cos

— Xf

9° = desired angle measured from r+ to r

r = (xij +1 - xtj) i + (y/,y +1 - y/,y)y

r+ = (Xi + ij - Xij) i + (y/ + u - yitj)j

(3c)

v* — ,

where co^ is the control weighting function that will be discussed
later; Asfj is the prescribed normalized arclength that is evaluated
from the linear interpolation between ASQJ and As/maX)7- with i as

the independent variable; and Aso.y and As/max>; are the normalized
arclengths (between points j and ri) along / = 0 and i = /max
boundaries, respectively.

In Eqs. (3a-3c), the desired angle 0° takes a value of 90 deg.
However, at a sharp convex or concave corner along a boundary, a
suitable angle must bisect the angle 0 between r~ and r+ rather than
take a value of 90 deg, wherer~ = faj-*/-i,y)f-f Cy/.y-y/-!.;)./.
To provide a smooth angle distribution around a corner, let 0+ = 9°
and define 0~ to be the angle measured from r~ to r, which satisfies
the conditions that

0- = 180 deg -9° (4)

as shown in Fig. 1 . The corner angle at the left-hand end of a bound-
ary is defined as 0+, whereas that at the right-hand end is defined as
0~ . Then the following angle smoother is employed:

5= 0/,y ~
+

,
+0)

where coq takes a value of 0.9. The end boundary effect of an interior
grid line can be partly reflected by repeatedly applying Eq. (5), and
the remaining effect is approximated by the following modifications:

Aj0fy = if < 90 deg

Sia-j = A^max,ysin0rax . if 0-. > 90deg
(6)

where situations of.0^. > 90 deg and 0 f~ax. < 90 deg need not be
modified.

The weighting function next to the bottom and top boundaries
(j = j0 and jn) is defined by the following equation:

7-0.99

1

"

(7)

For the grid level next to the left- and right-hand boundaries (i = i0
and iw), the weighting function takes a similar form. Then, to avoid
multiple definitions of x and y at the four corner points, direct
averaging gives a unique definition of the grid point.

When starting to generate grids within an enclosed region, the
known level is composed of i'0 •= 0, im = /max, y'0 = 0, and
jn = 7max boundaries. As the grid level marches inward, these
boundaries move inward by adding 1 to z'o.and y'o, respectively,
and subtracting 1 from im and yn, respectively. However, normal-
ized arclengths corresponding to SQJ and s^j are evaluated along
the original boundaries.

By applying Eqs. (4-7) to estimate the unknown s%, sn, and 0
on the right-hand side of Eq. (2), one grid front marching step can
be completed by solving the discretized hyperbolic equations. The
marching stops if the remaining region disappears or collapses into
a single grid line. For the latter case, we again march the level one
more step ahead without estimating the unknown levels. Then we
directly average the results. Note that the marching procedure can
start either from a single boundary, from a pair of opposite bound-
aries, or from all of the boundaries, provided that the weighting
functions are properly defined. Since all of the procedures of the
present study are very simple, the extension of the proposed method
to three dimensions is easy and straightforward.

Results and Discussions
Figure 2 (38 x 20) is the result of starting grid fronts from top and

bottom boundaries simultaneously and applying the angle smoother
(a)q = 0.9) twice. Obviously, grid smoothness is satisfactory over
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Fig. 2 Grid distribution for a channel with cavity (38 X 20), generated
by proposed method starting from the lower and top boundaries, where
the angle smoother (uq = 0.9) is applied twice.

Fig. 3 Grid distribution in a 60-deg sector (20 X 20), generated by the
proposed method starting from all of the boundaries, where the angle
smoother (uq = 0.9) is applied three times.

the entire domain, and the convex and concave corners along the
bottom boundary do not cause any trouble.

The second example for a region with enclosed boundaries is a
60-deg sector region. The result of the proposed method with the
angle smoother applied three times (a>q — 0.9) is shown in Fig. 3
(20 x 20), where approximate grid orthogonality is preserved very
well in the interior region. In the region around the flattened corner,
the angle smoother makes the grid line incline to the flattened corner
so that the resulting grid is smoothly distributed.

Conclusions
Cordova and Earth's grid generation method solving the hyper-

bolic partial differential equation is successfully extended to prob-
lems with enclosed boundaries. The open boundary constraint is par-
tially removed by properly prescribing the unknown grid level via
a simple algebraic grid generator equipped with the angle smoother
and using corrections from the side boundaries. Several examples
show that the proposed method preserves approximate grid orthog-
onality around all of the desired boundaries and provides smooth
grid distribution over the entire domain.
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Nomenclature
A, B, D = extensional/extensional, extensional/bending and

bending/bending coupling terms, respectively
B(m) = rath order Walsh operational matrix for

differentiation, H^
Ct = Walsh coefficients
F = two-dimensional matrix of Walsh coefficients, fa
H(m) = mth order Walsh operational matrix for integration
h = plate thickness
/ = plate span in x direction
Mk = kth laminar moment resultants
Nk - kth laminar stress resultants
Q!J = kth laminar transformed reduced stiffnesses
u,v,w = displacements in x, y, z directions, respectively
W(m) = rath-order Walsh transform matrix
e = strains
K = curvatures
a - normal stresses
r - shear stresses
<fr(/n) = vector of 0,- functions for z == 1,..., m
fa (x) = ith one-dimensional Walsh function in x

I. Introduction

S INCE their development in 1923 by Walsh,1 Walsh functions
have found wide applications in the field of engineering compu-
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